A necessary and sufficient condition is proved for a generalized steepest descent approximation to converge to the zeros of m-accretive operators. Related results deal with the convergence of the scheme to fixed points of pseudocontractive maps.
INTRODUCTION
Let X be a real normed linear space with dual X U . We denote by J the normalized duality mapping from X to 2 X U defined by ² : where и , и denotes the generalized duality pairing. It is well known that if X U is strictly convex then J is single-valued and if X U is uniformly convex then J is uniformly continuous on bounded subsets of X.
Ž .
Ž . 
0 is solvable if A is locally Lipschitzian and accretive. It is well known that Ž . many physically significant problems can be modeled in the form 4 . Typical examples of how such evolution equations arise are found in Ž models involving the heat, the wave, or the Schrodinger equation see, e.g., w x. 46 . If u is independent of t, then Au s 0 and the solution of this Ž . equation corresponds to the equilibrium points of the system 4 . Consequently, considerable research efforts have been devoted to finding constructive methods for approximating solutions of the equation
Ž .
Ž where A is an accretive-type operator on appropriate Banach spaces see, w x . e.g., 5, 7, 20, 22᎐27, 30, 32᎐39, 41, 42, 44, 45 . Closely related to the class of accretive maps is the class of pseudocon-Ž . Ž . Ž . y g N I y T . It follows from inequalities 3 and 7 that T is -strongly Ž . pseudocontractive if and only if I y T is -strongly accretive, so that the mapping theory for accretive operators is intimately connected with the fixed point theory for pseudocontractions. In the rest of the paper Q will refer to the operator defined in this lemma.
Ž . tracti¨e operators. An operator T with domain D T and range R T in X
Ž . In connection with the iterative approximation of the solution of Eq. 5 , the following result for self-maps was recently proved. ² :
The main ingredient in the proof of Theorem XR is the following inequality which holds in real uniformly smooth Banach spaces X. For each x, y g X, Ž w x. where b is a function which depends on the geometry of X see, e.g., 39 .
They proved the following theorem. Ž . a For K a nonempty subset of a real Banach space X and T : While it is well known that consideration of errors in iterative processes is an important aspect of the theory, it is also clear that the iteration Ž . Ž . process with errors introduced in a and b are unsatisfactory. The 
Ž .
A Let K be a nonempty convex subset of X and let T : K ª K be Ä 4 a mapping. For any given x g K, the sequence x defined iteratively by It is our purpose in this paper to construct an iterative process with Ž . Ž . errors in the sense of A and B which converges strongly to the solution Ž . of Eq. 5 where A is an accretive-type map defined on proper subsets of appropriate Banach spaces. Our theorems improve, generalize, and unify most of the results that have appeared for this large class of operators. In w x particular, Theorem XR, Theorem MC, Theorems 3 and 4 of 14 , and the w x w x theorems of 11 and 25 are special cases of our theorems. Moreover, our method of proof, which is of independent interest, is much simpler than w x w x w x the methods used in 45 , 25 , or 11 . Furthermore, our theorems show Ž . also, in particular, that in Theorem MC the condition Ýc b c -ϱ, which n n depends explicitly on the geometry of the underlying Banach space, is not needed.
PRELIMINARIES
In the rest of the paper we shall need the following preliminaries and lemma. there exists a constant c ) 0 such that
It is well known see, e.g., 43 that
The Banach space X is called uniformly con¨ex if, given any ⑀ ) 0, there 5 5 5 5 5 5 exists ␦ ) 0 such that for all x, y g X with x F 1, y F 1, and x y y n n Let X be a real Banach space. The subdifferential of a function f on X is a map Ѩ f : X ª 2
Ž . Ž . 
Ž .
We shall make use of this lemma in what follows.
MAIN RESULTS
Now, we prove the following theorems. ² :
Non-Self-Maps
Ž . where U [ c y y Ay y u q ␣ c x y¨and conditions ii and n n n n n n n n n Ž . 
y s x for all n G 0 and 11 holds trivially. If D ) 0, then for any n Ž . t g 0, D , we define the set C as follows:
where N is the set of all nonnegative integers. Since y ª x U , for any
Ž . Clearly, h t is nonnegative and nondecreasing. We now prove that h t ) 
n n n n n Ž . and using 11 we get that Ž . generality we may assume that Ay / 0. Then from 11 and 12 we get 
Suppose the sequence x is not bounded. Let n be the first natural n 0 number such that
Ž . Ž . Ž . 14 , and 15 we obtain that
Ž . Ž . Ž . Now, from 12 , 11 , Lemma 2, and the above relations we obtain that 
Ž .
. and that p y x , y y x g B 0, 2 a q r a , we get by the uni- 
Ž . Ž . By 11 , 12 , and Lemma 2 together with the above estimates, we get that
and observe that ª 0 as n ª ϱ. Then there exists a positive integer N n 4
stant such that
n n n n n n n n 4 n 4 Ä 4 As lim n s ϱ, we can choose j# such that N G max n , N so that
n j#q 1 Ž . Then, using 12 we get that
Since is strictly increasing, we have that y y x G . In-
Ž . equalities 18 and 19 give that
U 5 a contradiction, so that x y x -⑀. Now, assume that, for some
Then from 12 we obtain
Ž . Hence y y x G , and so inequality 18 gives 
nªϱ n n ªϱ n n ªϱ n n ªϱ n the above estimates we get that
Ž . the iteration process defined for any initial guesses x ,¨, u in D A by
Ž . Again by 22 and the above estimates we obtain, as in the proof of Theorem 1,
. 
and observe that ª 0 as n ª ϱ. Then there exists a positive 
² :
Ty y Tx , j y y x F y y x y y y x y y x , 6. A prototype for the parameters of our iteration process
